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FPINAL REPORT ON
INVESTIGATIONS OF STRUCTURAL INELASTICITY

AT THE UNIVERSITY OF MINNESOTA!

by
Philip G. Hodge, Jr.2
Patrick d-»nu

James :-—o=Ou

ABSTRACT

A summary and bibliography are presented of the investigations
of structural inelasticity which were carried out at the University
of Minnesota under the sponsorship of the Office of Naval Research
during the period 1971-198l1. Also included are preliminary reports

on two investigations still in progress.

—:ovnoacnn»oa in whole or in part is permitted for any purspose of

the United States Government. Distribution of this document is
unlimited.

nvnOncn-On of Mechanics, University of Minnesota.

uzononnos Assistants, University of Minnesota.

FINAL REPORT ON STRUCTURAL INELASTICITY

AT THE UNIVERSITY OF MINNESOTA

by Philip G. Hodge, Jr.

1. INTRODUCTION

Contract ONR N14-67-A-113-25, Project No. NR 064-429 was
in operation between the Office of Naval Research and the
University of Minnesota from September 1, 1971 through August
31, 1974. 1t was succeeded by Contract N14-75-C-0177 which
began September 1, 1974 and terminated December 15, 198l1. Both
contracts have been under the direction of Dr. P. G. Hodge, Jr.,
Professor of Mechanics. Also working on the contracts have been
Professor R. Poral and J. Skrzypek, Drs. 1. Berman, M. Dusek,
V. K. Garg, H. v. Rij, and P. K. Sinha, and Messrs. G. Hanson,
D. Korpella, J. Malone, K. Sadhal, p. Tait, D. White, R. Wozniak,
and Ma 2een.

The purpose of the two contracts has been investigations
in "Structural Inelasticity.” Results were written up as they
were obtained and were issued as technical reports and/or as
publications in journals or symposia volumes. In order to avoid
undue duplication, this "Final Report® has been divided into three
main parts.

Section 2 consists of the title and abstract of the twenty
seven technical reports issued under the contract, together with

their publication data. Copies and/or reprints of the complete
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2.2 Report AEM H1-2
“A Consistent Theory for the Elastic-Plastic Stability of

an Annular Plate U Inner Tension,”
by Ralph P. Poral and Philip G. Hodge, Jr.

An annular plate is subjected to an in-plane tensile
loading at its inner edge. The plate is made of an elastic/plastic
material which satisfies the Tresca yield criterion with linear
isotropic hardening. The buckling load at which an out-of-plane
deformation first becomes possible is found for a wide range of
plate and hardening parameters. Depending ...vo: the values of
these parameters, buckling may occur in the elastic, elastic-

plastic, or fully plastic stage of the in-plane deformation.

2.3 Report AEM H1-3
“"Computsr Solutiona of Plasticity Problems®
by Philip G. Hodge, Jr.
“Problems of Plasticity”
by A. Sawczuk

ed. (Proc. Int. Symp. on Poundations of Plasticity, Maresaw,
1972), Moordhoff Int. Publ., Leyden, 1974, pp. 261-286.

In recent ysars, finite-element methods have proved to be

a very useful tool in obtaining solutions to problems of practicai
importance for both slastic and inelastic structures. Because the
need for solutions is s0 great, and because the results v—.oennl_.
by finite-element solutions are reasonable, primary interest has
been in the establishment of efficient computer programs for the
solution of large-scale problems. As a result, some theoretical
considerations which may bs important in extended applicatfions of
the methods have tended to be overlooked. The present paper reviews
the current state of the art, focuses on some of these questions
and recent work that has been done towards obtaining answers, and

suggests some desirable directions for future vesearch.
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2.6 Report AEM H1-6

"A Pinite Elemsnt Method for Plasticity Problems”

by Philip G. Hodge, Jr., Vijay X. Garg, and Subhash C. Anand
“Developments in Theoretical and Applisd Mechanics vII®
(Proc. 7th SECTAN), 8. J. Heller, ed., Catholic Univ.,
Washington D.C., 1974, pp. 364-383,

A method is presented for tinding complete solutions (stresses
and displacements) for plasticity problems. The problem is first
approximated by a finite-element model and a rate formulation
is used. An exact solution for the stress rates is obtained by
solving the quadratic programming problem which expresses the
static minimm principle. Using some but not all of the information
from this solution, the velocities are easily obtained from the
kinematic minimum principle.

The method is applied to a model for a wheel rolling on a
rigid track. Maxisum elastic .no-nf collapse loada, and shakedown
loads are found for both gravity and hub loading. Por locads
between shakedown and collapse it is found that failure is

incremental for gravity loading but cyclic for hub loading.

2.7 Report AEM H1-7

"Elastic-Plastic Analysis of a Wheel Rolling on a Rigid Track”
by V.K. Garg, Subhash C. Anand, and Philip G. Hodge, Jr.,
Int. J. Solids Structs. 10, 945-956 (1974).

A consistent ‘finite element model for a circular wheel is
developed based on triangular and quasi-triangular domains and
a piecewise linear displacement field. The minimum stress-rate
principle of plasticity is used to obtain solutions of two-
dimensional continuum problems with internal unloading. A piece-
wise approximation of the Tresca yield condition is used. Elastic-

plastic solutions of a wheel rolling on a rigid track under its

“own weight and a hub load are obtained for the first few revolutions

until a steady state condition is reached. Shake~down conditions
for the wheel are demonatrated.
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2.10 Report AEM H1-10

“A New Model for Elastic-Plastic Trusses®
by Kuldip §. Sadhal and Philip G. Hodge, Jr.

The ph of upper yield and lower yield for
steel bars under uniaxial stress is well known but not fully
understood. The actual bshavior of a bar at stress levels
between the two yield stresses will depend upon many minor
variables which may not be controlled or even known, so that
from a pragmatic point of view it is indeterminate. Several
models are proposed in which the behavior of a bar in the in-
determinate range is chosen for computational convenience. The
models are applied to several examples, and their advantages
and disadvantages are discussed., It is concluded that the
specific models described are not reasonable tools for practical
engineering problams, but that the concept is worthy of further
study,

12 13

2.11 Report AEM H1-11

“A Raview of Bome Piecewise Linear Theories of Plastic
Strainhardening®

by Philip G. Hodge, Jr. and Irwin Berman

"Constitutive Equations in Viscoplasticity: Computational
and Engineering Aspects”

J.A. Stricklin and K.J. Saczalski

ods. AMD-20, ASME, 1976.

A review is presented of work on piecewise linear plasticity
done by the senior author and his students from 1955 to 1959. A !

theory for an anisotropic material with 9 material constants is pre-

sented and some experiments suggested for determining the con- .
stants. Various classical theories may be obtained as special .

'
cases.

. - -
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2.14 Report on AEM H1-14

“Automatic Piecewise Linearization in Ideal Plasticity”
by Philip G. Hodge, Jr.
C . Meth. in Appl. Mech. & Eng. m.:? 249-272 (19717)

A method is proposed for constructing a piecewise linear
approximation to an arbitrary yield function. The approximation
is constructed in the course of solving a given boundary-value

problem. Its use is illustrated with some simple examples.

2.15 Report AEM H1-15

“Limit Analysis and Coublomb Friction*
by Philip G. Hodge, Jr.

The theorems of limit analysis are not valid if part of

the b dary is pr d against a rigid surface and constrained

by coulomb friction. 1In reference to a problem of inverted
extrusion, we show how conventional limjit analysis can be ex-

tended to cbtain upper and lower bounds on the force necessary

for extrusion.

17
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2.18 Report AEM H1-18

2.19 Report AEM H-19
"A Slip Model for Pinite Element Plasticity”

by Hendrik van Rij and Philip G. Hodge, Jr. “Review of Moisture Diffusion in Composites”
< J. Appl. Mach. mm. 205~206 (1978). by P.K. Sinha

Conventional finite-element models are based on displace- The effect of moisture diffusion in composite materials

ment or velocity fields which are at least continuous. However, is reviewed. Pertinent equations are listed and various special

it is known that perfectly plastic materials may exhibit dis- solutions are given. Extensive references are quoted. Several

continuities of the tangential velocity component along certain suggestions are made for future research in the area.
linas. In this investigation a two-dimensional finite element
model is proposed which will allow for such discontinuities.

A regular pattern of triangular elements is assumed. The
elemants are assumed to be rigid, and across the line separating
any two adjoining elements the normal displacement component

is continuous, but a discontinuity may exist in the tangential ]

component. The defining equations - compatibility, equilibrium,
and constitutive - are developed with the ajid of the Principle
of Virtual Work.

Prandtl's punch probles is solved under plane strain conditions.
Comparison is made with existing analytical and other numerical
solutions, in order to evaluate the merits of allowing for dis-

continuities.
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2.22 Report AEM H1-22

“A Pinite-Element Model for Plane-Strain Plasticity*
by Philip G. Hodge, Jr. and Hendrik M. Van Rij

J. Appl. Mech. 46, 536-542 (1979).
A finite-element model is proposed which allows for both

straining within each element and slip between two elements. Basic
equations are derived and are shown to almost completely uncouple
into two constituent components: the conventional finite-element

squations for conti digpl t fields and the "slip" equations

which were recently derived for a model based on slipping of
rigid triangles. The model is applied to the Prandtl punch pro-

blem and ir shown to combine the best features of its two constituents.

2.23 Report AEM H1-23
“A piecewisa linear theory of plasticity for an initially

isotropic material in plane stress”

by Philip G. Hodge, Jr.
Int, J. Mech. Sci. 22, 21-32 (1980).

A 20-faced polyhedron is chosen as a reasonable piecewise
linear approximation to either the Mises or Tresca yield criterion.
Strain hardening and motion of the faces during hardening are
assumed to be linesar functions. Subject to the above assumptions,
to initial jsotropy, and to some reasonable symmetry requirements
it is shown that the most general possible theory contains 11

material constants. Some simple experiments with a thin-walled

tube are suggested for determining these constants.
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2.26 Report AEM H1-26

BEAMPLOT: A program for finding the yileld-point load of 2.27
transversely loaded rectangular grids °
by Patrick Tait and Philip G. Hodge, Jr.

Report AEN H1-27

Computer Methods in Plastic Structural Analysis
Philip G. Hodge and James Malone

An interactive computer program for finding the yield- . .Z—x‘rn- as a nev Chapter 14 in the revised edition of
"Plastic Analysis of Structures® by Philip G. Hodge, Jr.,
point load of a transversely loaded rectangular grid is described. R.E. Krieger Publ. Co., Inc., Malabar, FL., 1981).
. The maximum statically-admissible multiplier and an associated

A tutorial review is presented of soms of the computer
moment distribution are found by Linear Programming. methods useful in the plastic analysis of structures. Each

method is illustrated with a trivially simple problem which can

be solved without a computer and by one or more larger problems
solved with the aid of a computer. The methods described include
direct elastic-plastic analysis, linear programming, gradient and
simplex methods for unconstrained minimization, the SUMT method for
constrained minimization, and use of finite-element methods for
plate problems. Applications are made to trusses, frames, grids,

arches, and plates.
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Fx
. = N® R°® - b
>o unwr— N® KX°® dx - p°* nana<n (3)

0

is a minimum for the actual elaastic-plastic rate solution

N, b, K.

~ To prove this result, which is essentially Greenberg's

principle (1]* (see [2] for a text account), we must show that

the quantity.

c c c
e L L
lrnw— (M® X* - N X) ~ (p* - PIE, £, v, (4)
0
is non-negative. z.w:. by analogy to tha principle of virtual
work,
tp* - m:a £, vy = Iy 1°- MK ax (5)
0

hence we can write (4) in the form

Ix
A, =% I, ‘ Wix) dax (6a)
0
where
. W(x) = MH®* K®* - 2M° X + MK (6b)

For the actual solution the curvature raté& must satisfy the

elastic-plastic flow law

K = M/EI + KP (7a)
17 M| < Y or MM < 0 then KP = 0 (7b)
erse ukP > o (7c)

*References are listed on page 46.

33
u
Using (7a) and (2) we can write (6b) as
W= (ED M - 2 " ® ,
where ]
W, = hiP - 2ie° kP (9 *

Wow, in view of (7b), &P = 0 unless M = + Y and M = 0. Therefore,

in every case -.-mm. =0 and

W, = -2 Ne kP 10)

o et .

P
(la) and. (7¢) that

where W_ = 0 unless M = + Y. But if M = Y then it follows from

R <oand kP > 0 (11a)
whereas if M = -Y,
K >0 and P < 0 {11b)

Therefore, in every case lc > 0 from which it follows from (8)

that W > 0 and hence from (6a) that
AA.> 0, QED (12)

Finally, we note that the time scale in Eqs. (1) and (7) is

pT—.

completely arbitrary. Therefore, we may lnvhn.n.-n:< choose it so

that
nn na Vo = ) § (13)

Purther, we assume that each beam segment k in the grid has constant

Finally we incorporate (2)

modulus ur and moment of inertia I
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node has shear forces and (rate) moments acting on it. Since torsional
moments are neglected, the two horizontal (rate) moments -..».u at
node 1,3 must be equal, as must the vertical (rate) moments ....u.u.
out-of-plane and momant equilibrium of the beam segment Huuu raquire

V=V, - Eru L TUION 7 (18)

with similar expressions for each of the other segments.
Satisfying shear force equilibrium at the node, we have from
rig. 4,

vyt V4 Vg + 0, = mn».u (19)

vhere P is the rate load factor and 2,5 is the load applied at the
’

location {,j. Substituting the (rate) moment relatioi i such as

(18) in the shear equation gives

- N - N Nt - N
i,3 i,3-1 + 1,3 i i,3+1 + an hlun— +

Ly 3 1-1

o
]

R, - R
hLla.ﬂkrh - _xru -0 (20)

This equation holds for all nodes except near or on boundaries.
For nodes next to or on a boundary the procedurs is the same,
but the boundary condition defines some of the mowents so that Eq.
(20) will become simplified.
Again, referring to figure ¢, if the left gide of the beam
is case (a), (b}, or (c); mp.w = 0 for all i. Thus for j=2, one -
of the (rate) moments in Eq. (20) is replaced by zero. A similar

remark applies to j=m-1, i=2, or i=n-1 when the right, top, or

»

bottom edge, respectively, is anything other than clamped,
However, if an edge is clamped, the (rate) moment is unknown and

Eq. (20) for the neighboring column or row is unchanged.

Por nodes on the b dary the chang are more significant.
If the left edge is a free cantilever, then there are no vertical
beams and, of course, there is no beam segment to the left of the
node. Thus FPig. 4 reduces to Pig. Sa, and Eq. (20) reduces to

Ry /L, - mn—.p ) (21a)

with similar simple equations if other edges are free cantilever.

On the other hand, if there is a free cross beam along the
left edge, there will be three beam segments as shown in Pig. Sb,
and Bq. (20) takes the form

i PE, ) (21b)

Again, there are similar simplifications for the other edges.

If the end of a beam is clamped or simply supported, then
vertical motion is prohibited and the support provides an external
reaction force m».u. It follows that vertical equilibrium at
such a node serves only to define mu.u. and does not constitute
a constraint on the moments. For our purposes, then, we do not
enforce Eq. (20) on edges of type (c) or (d).

Since each edge may independently be of any of the four types,
there would appear to be many different possibilities at the
corners. However, if either edge at a corner is of type (c) or
(d) (corners C, D, B, or H in Pig. 4) there will be no Bq. (20},
and if both edges are type (a) (corner A) there are no beams at

T
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4. Quadratic Programming. Solving the minimization problem

requires the use of Quadratic Programming. A typical Quadratic
Programming problem is concerned with a vector x, a scalar cbjective
function

T
x

filx) = 5 x wmuw.nm (25a)

and constraints
Lsxsu (25b)
asc x (25¢)

where A is symmetric and where any of the inequalities may be
designated as nnn.—on equalities. The Quadratic Programming vnou.nol
may then be stated as

FPind a vector x which

minimizes f{x) subject to (25b) and (25c).

The Quadratic Programming problem and our grid problem are
almost identical. We can interpret each ..-_. 3 -..— 4+ and P as
L[] ’

CcOomp ts of a vect %; and form the matrix w from the coefficients
of the quadratic part of BEq. (17) so that & u.—. A x gives the

quadratic part of (17). The vector b can be easily found so that
w.—. x gives $. Thus Eq. (25a) is equivalent to (17). Designating
the inequality in Eq. (25c) as a strict equality, forming the matrix
M such that m.n x forms the left hand sides of the equilibrium
equatijons (20), and setting vector d equal to the zero vector
matches (25c) to (20). Pinally, (25b) can be matched to (23) by
setting components of u and £ to += and -=, respectively, when

(23) is not imposed. If Eq. (23) is needed, i.e. a moment is at
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its yield value, then the appropriate component(s) of u or t are
set to zero. The examples in Appendices A and B show details of
writing Eqs. (17), (20), and (24) in the form of equations (25).

S. Using BEQUAD. Clearly, deriving the defining equations
for a particular grid problem and presenting the necessary infor-
mation to a Quadratic Program would take a considerable amount of
work. Thus, the need for BEQUAD.

BEQUAD finds the equations of a given grid problem and calls
upon a group of Quadratic Subroutines to solve the equations.
Computation continues until P ie found to be zero. That is,
the program loads the grid until the collapse load is reached.
BEQUAD is designed for use on the University of Minnesota timeshare
system (MNPTS).

As soon as BEQUAD is called, it will begin to query the user
for the necessary input. Basically, this :.non.l-n».o: must define
the size and spacing of the grid, materjal properties, the boundary
conditions, the loading, the values of -.o and x.o. and the
symmetries. BEQUAD will ask nrn this information with specific
questions which are designed to be self-explanatory.

We can most clearly discuss the input in relation to an
example. To this end we consider the grid shown in Fig. (7). The
top edge is clamped, the side edges are simply supported, and the
bottom edge is a free crossbeam. All beams are rectangular and
made of carbon steel with a yield stress 9, = 50 x wou psi and a
height of 1 inch. The horizontal beams are 1.2 inches wide and
the vertical ones are 2.0 inches wide. It follows from Eq. ..»u-v
that
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6. Example. We present here the actual computer input and
output for the example discussed in the previous section. The
program was run interactively.

Computer responses have been hand-labelled with circled
numbers for cross-reference to Sec. 4. After the computer has
completed an instruction or question, it returns the carriage to
a new line and types a question mark (?). The numbers following
each (?) are typed in by the user in response to the gquestion. The
only other user - supplied parts of the following output are the
user code following the colon n:@ the user password typed over
by the dark squares in ) the words MNFTS, Old, PATQUAD following
the colon in(3) the time setting in @ (the number 100 may be
increased if necessary), the acquiring of the math package LINPACK
»:@ and the two letter cosmand to run the program »:@ Af ter
each user response the "carriage-return® (cr) key should be hit to

return control to the computer.

o~
s TP k55 LREAL: L /se Flob
O ugthliciebe Yo Hosr. LTIV AL
O panILY (C24 Ok C172): CLJZ
Sqpser numseR: FuNGugy
MAGSHORD
(Onuaasaan
TERMINAL: 172, PI6G/ITY
USERS, TYPE sWRITEUP(NOTE)s @81/12/:8.
Qﬁnucmx /SYSTEM: MNF 16.Ui b, PATULAD
READY.

@eri oo

ex.ﬂm TCHCLINPACK /% - MNF )
READY.

RN
” ENTER THE VERTICAL VIELD HMOMENT . HONIZONIAL o JEL L BN NS
7 25000, 130uu
Omz-mz YOUNG ‘S MODULUS ANL THE APPROPKRIAIE MOMENT OF JNewliA
FOR HORIZONTAL AND VERTICAL HEAMS
? 3E7..1,3E7..18667
IF THE LDAD 1S UNIFORM ENTER IHE INTEGER .

(@) 1F NOT ENTER THE INTEGER 1
21

ENTER THE NUHMBER OF NODES ALONG THE fO#
ND THE NUMBER OF NODES ALUNG THE SIDE

? 4,3
IF THE GRID CONTAINS SYMMETRY ACKUSS A VERIICAL AXIS

ENTER A 1. IF NOT ENIEK A v

?1

I+ THE GRID CONTAINS SYMMETRY ACROSS A HUKIZUNTAL Az
ENTER A 1. IF NOY ENIER A O

O
—ﬂ-xngungznummbroznq:m~°v.mccb
ENTER A 1. IF NOT ENTER A O

o
vamzqma «:mz::wszﬂZOZIHmDO..Ohem
? 1
ENTER THE ROW. THE COLUMN. AND THE LOAD APPLIED 1HERE

? 2.2,200

IF THE LENGTHS ALONG THE TOP ARE CONSTANT
ENTER A 1. IF NOT ENTER O

?1

ENTER THE CONSTANT LENGTH

? 24
IF THE LENGTHS ALONG THE LEFT SIDE Akt CUNSIWANT

ENTER A 1, IF NOT ENTER o

? 0
QMdea THE BAR LENGTH BETHEEN HOWS 1 AND 2
36
ENTER THE BAR LENGTH BETWEEN ROWS 2 AND 3
12

ASSIGNMENT NUMBERS FOR THE TYPE OF BOUNDARY CONDITIONS AkL
1 - SIMPLY SUPPORTED

2 - CLAMPED

3 - FREE HWITH CROSS BEAM

4 - FREE CANTILEVER

ENTER THE ASSIGNMENT NUMBERS FOR fHE 1UP, LEFT.

RIGHT.AND THE BOTTOM BOUNDARIES.
? 2,1.1.3

IF THE CORNER OF AN INTERSECTION OF TWO TVPE 3 BUOUNDAKIES
HAS A SUPPURT ENTER 5. IF NOV ENIEN O

?0

4
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Gril size BEQUAD | BEAMPLT[Theory . 1
§
P, Fo Fe F References _
2x3) Simply Supported|s.cC |&.co |4.C.. 4.0C !
1. H. J. Greenberg; Complementary minimum principles for an N
4x%) Simply Supported]?.oc |2.00 |2.6C 2.00
elastic-plastic material, Q. Appl. Math. 7, 85-95, 1949.
5x5) S. 3. 1.1?72]1.00 {0,999 1.00 ~
645) S. S. .610710.871] 0.322 0.8~ 2. J. N. Goodier and P. G. Hodge, Jr.: “Elasticity and Plasticity”,
5x8) S. S, 1.89 |5.237) 5,222 J. Wiley & Sons, N.Y. 1958.
. pt. o= (Frg. 9)
3. p. G. Hodge, Jr. and P, Tait, "BEAMPLT: A Program for Finding
6x5) s, S. 2,88 |5.625]5.6232 :
(P1g.9) the Yield-Point Load of Transversely Loaded Rectangular Grids®, &
6x6) S. w. , 3.91 |5.714]5.714 Report AEM-H1-26, University of Minnesota, 1981.
P1g8.9
L] - -
616) s, s. 7.97 19.393]9.115 4. P. G. Hodge, Jr.: “Plastic Anklysis of Structures®, McGraw Hill
M A Mg (P1g.10a) Book Co., New York, 1959; Krieger Publ. Co., Malabar, FL., 1981.
6x6)s. 8, 11,52(15.25[15.25
{Pig.10b) 5. R®. Pletcher: *“A FORTRAN Subroutine For General Quadratic
6x6) ovu.ﬁ-on , 3.1 18,00 |7.937 programming”, Theoretical Physics Division, Atomic Tnergy
Pig, 11
i - Research Establishment, Harwell, England, June, 1970.
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From the coefficients of the quadratic terms the non-zero

components of the 13 by 13 matrix A are found to be

MamR,2 AT Tt A s 6" A8 " A0 " Mg 10~ M0

M212" 3

M2, 8,3 "6 s "M 5" 0,7 N,20 " Mg,
=My,02 " Mg = V3

Since P is the only linear term in EBq. (26) the only non-zero term
in b is by =1

A similar process is used to convert the equilibrium equations
(20) to Eq. (25c). For an example of a typical equilibrium equation
we look at the sixth node in Pig. 12, ji.e. the node in Column 2,

row 2. The equilibrium equation before conversion is

.-. .-. W e
..ru_. i 75 Wy 7% e V5 W ¥ i WY
1 L, Ly
b- - m.
2,2 3,2
+ |(lhln--|h| ”NN.N =0 (28)

Noting that ln 1 and N° = 0 because of the left and top boundary
’

1,2
conditions, we can write (28) as
1 x 1
N 4+ = uau. - N\FN + N- + m..- Id
(29)

X3 =0
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Considering all 12 equilibrium equations, and letting all lengths
and loads equal one, we find the non-zero components of the

matrix C are

€11 " %,1~C,2"C,2"C,3"C4,3"%%,4"C12,4"C3,5

*C5,5 = C,6"%,6"%,7=%,7~C%.,8" 1,8 " %,9

€s,10 " €10,11 " 12,12 " €13,1 * 13,2 " C13,3 7 *** = C13,12

- -1
Cs,1 " €1,2=C7,2"%,3"C,3 "C,4~%,5 3,6 =
€s,6 ™ %,7 " 0,7 " C12,8 " 2

Thus we may now express Eqs. (17) and (20) in terms of (25a)

and (25c).
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solve, P would be zero indicating we had reached collapse load

in the previous step.

Pig. 1 Grid prttern

_ !
1,1 N

Ly Ly i 4
4
¢ Fig. 2 Free body diagram of 3
: : two horizontal beam N
segments at node 1i,} L]
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A o,

cycles which result in totally elastic and limited plastic behavior.
Sections 2.2 and 2.3 are concerned with definitions of the shake-
down domain and shakedown multiplier, and in Sec. 2.4 the shake- 2.1 Example of a frame under concentrated loads.

down domain for the frame is actually determined.
We consider a pin-supported frame as shown in Pig. 1. For

N In Sections 3.1, 3.2, 3.3, and 3.4 the same frame acted upon
: simplicity, it is assumed that the frame members have an ideal
by a distributed load is considered and examples of instantaneous,
sandwich section and that axial forces do not affect plastic
incremental, and alternating plastic collapse are given. Section
. yielding. The magnitude of the yield moment at any point on
3.5 1s concerned with obtaining a loading path for which the frame
2 the frame is M,. We introduce dimensionless quantities de-
4 will fail due to continucus plastic collapse. Shakedown behavior

fined by
is mentioned in Sec. 3.6. Sections 3.7 and 3.8 contain modified
: definitions for collapse domain and shakedown multiplier which ™ c F L ¢ F,L 211 ’
m = = L = .1,
N 1 N 2 =
take the additional continuous plastic collapse behavior into 0 0 M, :

account. The shakedown domain for this simple frame is then deter-
where M is the moment at any point on the frame.

mined in Sec. 3.9, Pinally, in Sec. 4 some ideas for future re-
In the following sections it will be seen that the frame
search are discuased.

R

may collapse due to any one of three different types of collapse
behavior namely, i) instantaneous plastic collapse, ii) in-
cremental plastic collapse, and 1iii) alternating plastic collapse.

The particular type of collapse which will occur depends on the

» e

actual loading program for mw and mn. Each of these types of
collapse behavior is best illustrated by an example. The first H

such example will demonstrate instantaneous plastic collapse.

2.1a Instantaneous plastic collapse,

.

We begin by determining a load domain such that when nw

and f, follow a loading path which always remains within this ?

e

domain then instantaneous plastic collapse cannot occur.

P AV o X s

AL e
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m 80 81 H
| {
m - = 172£, - V64t f,=0 @& -1/2f, &, =:4E, m;=-12, (2.1.12) J
{
m n, = -1/4f, + 21/64f, t2.1.6) Therefore, the complete solution is w
n, = -1/2f, - 3/648, £,-0.5 £, =7, m =-0.688 + 1/2F,

(2.1.13)

Setting nu = 0 in Egs. (2.1.6) and increasing £,, we find that

m~1- —\.mn m; = -0.688 - ~\~m~

LS

%.
the elastic solution holds until :
£, = 64721 ~ 3.048 (2.1.71) This solution holds until €, = 0.625 at which point m; = -1
j and the solution is <
and at this point the moments are given by
m = m, = -0.143 ., =1 (2.1.8) fy=4.5 £,=0.525 = ~-0.37
(2.1.14)
As £, is further increased we may regard the frame as an elastic m, = 0.844 my=-1
,_ structure with a perfect hinge at the point 2 acted upon by
As nw is increased further we again consider an auxiliary problem
: the additional load. The guantities involved in thie auxiliary
but this time the perfect hinge is at the point 3. The auxiliary
problem are denoted by bars. The solution is determined from
solution is
Bgs. (2.1.5) from which we find
w, =@, = -y/ef, &, =0 (2.1.9) =0 n=f, &=14f, a;=~0 (2.1.15)
wWe choose to stop increasing n— when it equals 4.5. At this The complete solution is
point, we have -
f, = 4.5 £, = 0.625 + ¢ k
- - - 1 2 2 {2.1.16) 4
T, ~ 1.452 B =@, = -0,545 &, =0 (2.1.10) ) 3
v
n = -0.37S + £, m, = 0.844 ¢+ 14T, @, = -1 :
Bgs. (2.1.9) together with Egs. (2.1.10) give the complete solu-
tion . It is seen that this solution holds up to w.m = 0.625 at which
point my = 1 and the frame is now in the collapse wmechanisms n
£, = 4.5 £, =0 ", = m; = -0.688 my, =1 (2.1.11) ]
shown in Fig. 2{d). The complete solution at this point is m
We now hold nw = 4.5 and increase f,. The elastic equations m
= 4. =1, = 0.2 = -1 2.1.17 P
t2.1.6) show that an increase in f, will decrease m,. There- £y =45 £,-1.25 = =0.249 w =1 my- ( } w.”.
fore the frame returns to fully elastic behavior and is governed .Mw
by Eqs. (2.1.6). Again using bars to denote additions to the N
quantities in Egs. (2.1.11) we have 4
:
4
-
&
»
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[ @
o b4 @ The next stage in the loading is to decrease f,. Since a
e o IS ~ % negative NN will return point 3 to an elastic condition, we
< - |S again use Bgs. (2.1.6). Stage 5U of Table 2 shows the unit
-] - |- N ~
© ' ¢t e A |« solution for decreasing f,. The complete solition during the
] @ unloading is
~ @
3 “ 8 e e
n - o2 1~ ] nul..u n»!a#ﬂn
P L ~ (2.1.19)
M - N - N / - =
Biv|s O R S m = 1/2F, m, =0.938 - 14, m; = -1 - 1/2f,
m 7 e Yielding first occurs at the point numbered 2 at a value f,=-0.25.
g "o o 7 b .m. The complete solution is
i3
N - - -
o 4 . ~ . 2. np - 4.5 £, =0.75
- + [ - (ol o o - N o~ u
e & (2.1.20)
" - ]
ol ® w R - 2 m ™ m, = -0.125 =1 = =-0.875
“ |~ amm 2 &
»y o . [ - . ~
Al+lad]« o [T & ' [& "8
= ] When nu is decreased further in stage 6, a positive hinge is
[
»c. m again present at point 2, hence the unit solution is as shown
H g |2 ¥
21.0 “ - - - ﬂ m. .m in column 6U of Table 2. The complete solution during this
al9ata » o |o -1 ~ 3
Sl +|N] - ] ] - atage is
W w ° % £, = 4.5 £, = 0.75 + F,
- - —
A Jlals e e ™ oM (2.1.21)
~| | = - ] ] ~
o= -0.125 ¢ 3/4f, my =1 my = -0.875 - 1/4f,
®
o
r] .
“_ 3 .m From these equations we see that no further yielding takes
]
m nw " £2 nl n2 n3 u place as mn is decreased to zero. At nnue the solution is
nw = 4.5 nu =0
(2.1.22)
my = -0.688 ay =1 my = -0.688
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Table 3

Complete History Illustrating

Alternating Plastic Collapse

2.1.4 Totally elastic behavior,

Clearly, it nu and nn remain sufficiently small, the frame
will always remain elastic. As a trivial example, consider the
load path OEPGORFGO... in Pig. 3, where P is the load state nnun.
nnln. Table 4 shows the results. Since columns 5L and 1L are

identical, the same elastic behavior will continue indefinitely.

2.1.e¢ Limited plastic behavior,

A final possible behavior for the frame is a loading cycle
in wh' ' a finite amount of plastic flow occurs near the beginning
foll w.d by purely elastic behavior. As an example, consider
the path OAHIOAHIO... vhere H is the load state nuna.w. mnuo.onw.
Table 5 shows the results. Through stage 3 this example is the
same as that shown in Table 1, where n, vas plastic during stage
2. Although .,y just reaches yield at the end of stage 3, it
immediately unloads in stage 4 so that no plastic flow has taken
place. Similarly, at the end of stage 6, m, just reaches yield
but it will again unload immediately in stage 7. Since stage 6L
is identical to stage 2L, further cycles AHIO will always be

elastic.

2.2 Shakedown,

If the frame engages in only a limited amount of plastic
flow we say that it -.w.i.xo- down” to elastic behavior and refer
to the cycle as a shakedown cycle. Fully elastic behavior is a
special case of shakedown in which the limited plastic flow is
zero. In general, a frame which shakes down will remain service-

able through an extremely large number of load cycles.
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Por the other three load cycles illustrated in Sec. 2.1,
the frame will collapse and become unserviceable after a small
number of cycles ~ less than 1 in the case of instantaneous
collapse. This undesirable behavior is always characterized by
the fact that the frame is called upon to absorb an indefinitely
large amount of plastic energy.

In the example considered it is evident that any load cycle
which results in indefinitely large plastic work may be character-
ized as either alternating collapse or incremental collapse (of
which instantaneous collapse may be considered a special case).
Indeed, since the moment is linear between each pair of numbered
points, ), my, and m; are the only moments wvhich can become
plastic, hence infinite total work means infinite work at at least
one of these three locations. If one or more of these points
engages in both positive and negative plastic rotations, the
frame will engage in alternating collapse. The only alternative
is that at least one plastic hinge has an indefinitely large
rotation. Since elastic deformations are bounded, this large
rotation cannot take place at only one hinge, but must occur in
two or more hinges so as to produce one of the mechanism patterns
in Pig. 2.

Therefore, in the present example, and for any other frame
which consists of piecewise constant members and is subjected
only to concentrated loads, the bshavior of the frame can be
characterized as one of the following: shakedown, alternating

collapse, or incremental collapse.

93

Consider next the probleam in which we are given only a domain
D of loads, and the actual :cad history may be any load-path with-
in D. If all loading paths in D result in shakedown, we refer to
D as a shakedown domain, but if there exists any cycle in D which
does not produce shakedown, D is a collapse domain.

In order to keep the following discussion simple, we will
conaider only a special subclass of 10ad domains, defined by
two loads nn and nn which are restricted to satisfy
R PARE POE PN (2.2.1)

where nn- and nu. are assigned extreme magnitudes for nw n:nnnwochOnm<m~<.

2.3 Shakedown multiplier.

Given a load domain D as defined by inegualities (2.2.1) we
can define a field B of load domains by demanding that the loads

nn and n» satisfy the inequalities

. .
0<f, <ef, ~pf* < fy<of," (2.3.1)

Por any particular value of ¢ the load domain defined by in-

equalities (2.3.1) will be denoted D,. It should be noted that

+
for any load domain in the field B, the ratio of the extreme
magnitude of nn to the extreme magnitude of m~ is always the
same.
We introduce the shakedown multiplier ou which has the

properties; i) for any ¢ < ¢ D 1is a shakedown domain and

-s
ii) for any ¢ vo-. D is a collapse domain.
In the next section it is shown how the shakedown multi-

plier may be found for the frame of section 2.1.

o o = e [ ——————
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4
To f£ind 0— we use the fact that the frame must collapse Since the principle of superposition holds we can easily
nc
+ -
in one of a finite number of mechanism modes, find the ¢ determine m and m from Eqs. (2.4.8) and (2.4.9). The result .
corresponding to each mode, and take ow:n as the smallest of is
these numbers. IM - 0.2¢ lw = 1.74¢ lw = 0.2¢
- We illustrate these technigues for the frame in Fig. 4 (2.4.10)
- and the values f} = 5, nm = 0.4, Then (2.2.1) becomes lm = -0.434¢ lm = -0.1¢ lm = -0.4344
0<f, <5¢ -0.49<£,<0.4¢ (2.4.7) The difference m' - m™ at each of the points numbered 1, 2, and )
3 is then
We first solve the elastic problem and obtain Eqs. (2.1.6). ¥
+ - 4 - + - .
Since these equations are linear and the load domain is convex, BBy = 0.6344  my,-my = 1040 my-m; - 0.6340 (2.4.11)

+ -
all m) must occur at vertices of the load domain but not We can preveat alternating plastic collapse by demanding

necessarily all at the same vertex. that the elastic moment differences all satisfy (2.4.6). This

The easiest way to find the vertex solutions is to take

implies M
each load in turn equal to its maximum or minimum value while
getting the other load equal to zero. 0.6349<2 (2.4.22)
Putting £, = 5¢, £, =0 in BEg. (2.1.6) ylields and therefore ®a1e is M
e R
wm = ~0.234¢ $a1¢ = 3-155 (2.4.13)
_-w = 1.640¢ (2.4.8) It remains to determine ¢, .. This value ¢, . can be
2 most easily determined by observing that even though the frame
..w = -0.234¢
. is deformed gradually over many cycles, nevertheless the result- .
Similarly n_. =0, n» = +0.4¢ yields ing deformed shape will be the same as that of a collapse
. n® = +0.2¢ ’ mechanism. Suppose first that incremental collapse occurs in :
1 = 0.
the collapse mechanism shown in Fig. 2(d). If the value ¢  is
5 = 30.1¢ (2.4.9) a
just sufficient to cause incremental collapse in wode (2d), at
e -
m3 = 70.2¢4 some stage of the loading process hinges must form at the points ”

2 and 3 in the sense indicated. Therefore the appropriate in- i
equalities (2.4.4b) hold as equalities. This yields

U
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Therefore, if repeated loads are to be allowed, the instan-

taneous collapse load overestimates the true capacity by almost

508,

3.1 Example of a frame acted upon by both a concentrated and a

distributed load,

We look at the same pin-supported frame considered in
section 2.1 with the exception that the concentrated load Fy is
now replaced by a distributed load as shown in Fig. 5. We will
show that this frame can fail due to instantaneous, incremental
or alternating plastic collapse as was the case for the frame
loaded only by concentrated forces. However, the presence of the
distributed load will cause this example to exhibit one further
type of collapse behavior which we will call continuous plastic
collapse.

We wish to determine the load domain for instantaneous
plastic collapse. Consider the collapse mechanism for beam
failure only shown in Fig. 6(a). It is assumed that the hinge
lying between points C and D forms at a distance x from the point
B where x> 1. According to Fig., 6(a) internal work is done at

each of the three hinges, the total internal work :Hze is

(3.1.1)
Int =0+ 0+ §E 42X uu|xc

The external work tnxﬂ done by the loads nw and £, is given by

x

to
:mxe = —w — m~a< dt + —

2 —:-c (48]
)

f,dyldt (3.1.2)
0

which yields

Wegp = (x-1/2)£,0 SRR

EXT

N
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x, position T
£, of hinge nu

7.111 1.250 (]

6.5 1.216 0.448
6.0 1.184 0.798
5.5 1.147 1.131
5.0 1.106 1.444
4.5 0.939 1.795
4.0 1 2

Table 6

Load Domain and Hinge Locations

for Prame of Pig. 6
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where :’u

and B and similarly now :wn. :nu. and xum.

is the moment along the frame between the points A

The elastic energy for the frame may be determined by means
of Eqs. (3.1.8). when the elastic energy is minimized with re-

spect to the redundant H, we find

H = 1/8¢, - 1/2f, (3.1.9)
and hence obtain the elastic solution

Myp = |.~\onp|~\nnn.<

:wo = |n\¢nu + w\nnn + .w\.nuaw\»nu.x

(3.1.10)
2
o tn\unw + n\u»u + (1/4£,-1/2f,)x - w\mnp.::w.

)

- (1788 41/2¢ )y

The moment is piecewise linear except in CD where it is
quadratic, provided nu\o. Formally setting the derivative of

SOU equal to zero yields

x, = 5/4 - nu\.nnuv (3.1.11a)

which will lie between 1 and 2 (i.e., be on CD)
IF (£,>0 AND -3f, < 2f_<f£,)
1 1-"2 " (3.1.11b)
OR (f, <0 AND f, < ~n~A-un-

Thus we may limit our analysis to a consideration of the moments
at the points B, C, D, and L We are now in a position to in-

vestigate specific loading paths which result in collapse of the

frame.
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The complete solution is

£, = 6.8 £, = 0.175 + m~

1

Mg = -0.826 + NN + :.auunu\nﬂm‘.n (3.2.11)

p = -0.826 + T, + (L.613-1/2F,)x ~ 3.4(x-1)?

This solution is valid until wnle.eua at which point there is
a positive yield moment at x=1,233., The frame is now in the
collapse mechanism shown in FPig. 6(d). The complete solution

at this point of instantaneous plastic collapse is given by
p = 6.9 £, = 0.231
a« -0.77 + 1.585x

(3.2.12)

M. = -0.77 + 1.585x - 3.4(x-1)2

CcD

This loading program is summarized in Table 7. The loading
path is OAB as illustrated in Fig. 7.

3.3 1Incremental plastic collapse.

The initial stages of the loading program for incremental
plastic collapse are the same as those for instantaneous plastic
oo:.nvuo in the previous section. Table 7 holds up through
stage 4U, i.e., we have nnla.- and are increasing nn from 0.175.
We stop increasing nn at the value nwlo.n and the complete

solution is then given by Eq. (3.2.11) with f,=0.025, i.e.,
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Table 7

Complete History Illustrating Instantaneous

Plastic Collapse with Distributed lLoad
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ol ~ t, = 6.8 £, =0 _
) ~ -
~ ¥ |
2]k “ A “ " x “ M. = -0.913 + 1.7x (3.3.10) !
Bl ¢ 4 5 § 5 ] = .
¢ |+ (o] ~ [l + - 2 .
Ll Lol - “ & “ Moy = -0.913 + 1.7x - 3.4(x-1)
~ ~N ~ 2-1 z\l ~N ~
N o a3 ~ 3 TN 3 a This solution is the same as that obtained for stage 2L as shown
-~ ) -~~~ y X X o~ L
. T3 ¥ - N XX in Table 8. Therefore, we have in fact completed a cycle and
s AR TS SR A L
TT T8 2 S e 29T TSI e stages 3 to 7 will be repeated each time the load point traverses
. gl x 2 5 ° 2Nt xJd9o x4 1 K
galx ° 237 o kT XA L NS XK ACDEA in Pig. 7. By the same argument as that in section 2.1.b
"] Ll o - [} w % Qo M ~N N . Y - ~
o & 4 I N K u,. d < .ﬂ u.. s b4 we can see that after a finite number of cycles the frame will
$a§ S&Fie g8 %3
<« % 8 e % & 3 % T8 ° fail in the collapse mechanism shown in Pig. €{d).
o o [ o ~N . o (-] ) o o -t
o i < o A L]
] [ -1 'w
% m - 3.4 Alternating plastic collapse.
%X X ] X ] X % N @
~ ™ - X @ ® X N~ o o
¥ 4 2 S ¥ 483w x X w T O M. £ 3 Alternating plastic collapse can be brought about by Z
. + . o . . N « e~ e~ ©O ol v
mm T o 8L TS EITSELLEL LD 24 following the loading path OAPAP... as shown in Fig. 7. The B
2o g ssadangiecgoe 32 ;
T ST 2 NS ° S o S 7T T T % @© m a load nw is increased to 6.8 which is the point B in Pig. 7 and H
[~ [y b
' .m m ..m then decreased below zero to -6.4, i.e., to the point G, finally m
- 3 . H
wn wn 0 oe nu»u increased to 6.8 again. The results are summarized in
~ a1 s R -
wle © 4 A o © © © 6 1 © o o © o m. . Table 9. By the same arqument that we used in section 2.1.c d
-
o N ) ry . .w we can see that after a finite number of cycles a frame made of n
Moo= 24 S Tooe = :
“1¢ ¢ ¢ o o W I O W O O W A ©o w» ® .w any real material will fail at the point x=1.25.
& . )
. 133 14 3 a h
- - o~ m. 'y 3
m ~ s 4 - S 3.5 Continuous plastic collapse. -
D k] L % A_
m u . b » We now consider the fourth type of collapse behavior, R
- - L] '
-t
.P [ ...-. +P namely continuous plastic collapse which may happen when a w
- distributed load acts on our simple frame. The loading path
]
m MZ Ml .« o is given by OACAC... and is the same as that for incremental .. r
< <
3 + ! ! + collapse up through stage 4L given in Table 8. However, for
-4 this example the fifth stage consists of decreasing £, to 0.102 .
]
.n 283 2 3 2 B 3 u... 8 3 2 28 =3 n at which point a hinge with positive yield moment forms at x=1.243.
The complete solution for »nua.a. £,=0.102 is
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It should be noted that during this unloading there is always
a hinge present with positive yield moment whose position is

given by Eq. (3.5.4). On examining Eqs. (3.5.6} for the points
8, C, and D we can show that no yielding occurs at these points

as nu is reduced to zero. At £,=0 the complete solution is

= 6.8 £, =0

2

Mpe = -0.913 + 1.7x (3.5.7)
Mep = ~0.913 + 1.7x - u..—slcn

at which point the hinge is at x=1.25. These results are
summarized in Table 10. Since row 6L is identical to row 2L
we have in fact completed a cycle. During each cycle the same
work will be done and aince a real material can absorb only a
finite amount of work, it is clear that the frame will collapse
after some finite number of cycles.

Each cycle will produce a slope discontinuity at D as
nn is increased from 0.175 to 0.2, so that after a large number
of cycles there will be a large discontinuity of slope at D.
However, as nn is decreased from 0.102 to 0.0 in each cycle, the
hinge on the beam will move continuously from x=1.243 to x=1,25.
After a large number of cycles there will be a large difference
in the slopes at x=1.243 and x=1.25, but the slope between those
two points will always vary continuously. Therefore, although
the deformations can bacome indefinitely large, the deformed

shape will not correspond to any one of the mechanisms in Fig, 6.

3.6 Shakedown behavior,

Clearly there will also exist loading cycles which produce
totally elastic behavior and limited plastic behavior as discussed
in Secs. 2,1.4and 2.1l.e for concentrated loads. We do not detail

any results.
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Table 10

Complete History Illustrating Continuous Plastic Collapse

with Distributed Load.
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Man

-(1/8,-1/2¢8 )y

Mpe = l.—\onn + w\NnN + aﬁ\An—.lﬂ\Nnnvx
(3.9.2)
Mop = -1/88) + 128, + (1/48,-1/26,)% - 1/2f, (x-1) 2

Mpe = -(1/8£,41/2€,)y

Since x»w. zun are linear in y and :wn is linear in x we need only
determine M'and M~ at the points B, C, and D and as a function of
x for points between C and D.

The first step is to find the elastic moments corresponding
to vertex points on the given domain from which u', M™ may be
determined for any point on the frame by superposition. A trivial
cage is nnlo and nnle in which case the moments are zero at any

point on the frame. For f,=6.8¢ and f,=0 we have

My = -0.85¢ Ny = 0.85¢ My = -0.85¢
(3.9.3)
Mop = 1-0.85+1.7x-3.4(x-1) 2]
Por nnlc. ano.nonvo solution is
My = 0.1¢ M. =0 M, = -0.1¢
(3.9.4)
M = [0.1-0.1x)¢
Finally, by superposition of these solutions we obtain
My = 0.4 My ~ -0.85¢ (3.9.5a)
e 3 -
In = 0.05¢ !n =0 (3.9.5b)
n =0 My = -0.95¢ (3.9.5¢)
2
:mc . (-0.8541.7x-3.4(x~1)"1¢ l<x<1,809 (3.9.54)

0 1.809 < x< 2
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(0.1-0.1x) ¢ l<x<1.809

Mep =

(3.9.54)
1-0.75+1.6x-3.4(x-1) %) 1.808 <x<2

The differences between the maximum and minimum moments are then

PO -

by = My - My = 0.95¢ (3.9.6a)
I -

b = Mg - Mg = 0.85¢ (3.9.6b)
cut - M

Bp = Mp - Mp = 0.95¢ (3.9.6¢)

1-0.95¢1.8x-3.4(x-1) %1y 1<x<1.809
- (3.9.64)

+ -
A (x) =N - -
x €0~ TCD " N0.75-1.6x¢3.4(x-1) 21y 1.809<x<2
From Eq (3.9.6d) we can show that lmu.n_ - -.me:: attains its

maximum value of 1.088¢ at x=1.265, i.e.,

u ﬁ Dl I
>nu 2 max ﬁlnuc: :nu.x.u 1.088¢ C.o..:

l<x<2

The condition that the frame will not suffer alternating plastic
collapse is given by Eq. (2.4.5) which reduces in dimensionless

form to
n'(s) - N(s) <2 (3.9.0)

This condition must hold for all s but for our example it is
necessary and sufficient to consider only the differences Ay,
8¢cr Ap, and AL, given in Bgs. (3.9.6) and (3.9.7). Clearly the

wost stringent requirement is Acpe whence

$a1e = 1.830 (3.9.9)

In the calculation of ¢, . there are three collapse mechan-

isms to be considered as shown in PFigs. 6(a), 6(b), and 6(d).

We will treat the mechanism shown in FPig. 6(d) in which there is
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Mop(5/4) = +1 IOU.N- PN, - -1 . (3.9.22)

s0 that no form of continuous collapse is possible. Thus, for this
example, (3.8.3b) holds and we can find ¢, without considering

the possibility of continuous collapse.

o et et — - - - [ PR -
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4. Future research

For the simple example considered in Sec. 3 we have shown

(1) The shakedown multiplier can be determined from

4, - I».:o»:o. L (4.1)
(2) There is no loadin. path in uou for which continuous
collapse can occur.
(3) Por a particular collapse domain a load path exists for
which failure is caused by continuous collapse.
Puture research will be concerned first with the generality
of these conclusions. We will attempt to either prove that they
hold for all possible combinations of distributed loads or to
find a counter example where conclusions (1) and/or (2} are invalid.
If such a counter example is found for conclusion (1) we will then
seek to determine limits on the validity of the conclusion and also
to investigate simple means of determining ¢con”
In our discussion of the simple frame axial forces were
neglected and we assumed that the yield strength of the material
depended only on the bending moment. It is our intention in
future work to investigate the effect of the inclusion of axial
forces with regard to the determination of the shakedown domain.
The treatment of axial forces in frames and arches is dis-
cussed in Chapt. 7 of Ref. {1). 1In order to give some idea
as to our future work we consider a qualitative picture as shown
in Fig. 9 of a typical interaction curve in the stress resultant
plane corresponding to a structure whose cross-section is rectan-
gular. In Fig. 9 m and n denote the dimensionless moment and

dimensionless axial force respectively. When axial forces are

neglected it is clear that yielding can occur only when the moment
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Fig. 1 Frame Under Concentrated Loads. '
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FPig. 2. Collapse Mechanisms for the Frame of Fig. 1.

S e e e o - e e ———




e - — — ——————

*1n00Q F0uue) asdeT[o) OFISe[d SNOJURIUEISUI
yotym 103 [ ‘634 JO swexd ®y3 10J Spro] jo ujewog ‘¢ ‘b4

*PROT PIIVIIUIIUOCD © DUR DPAINQTIISTA © IIpU( BWRI4 °§ *Bya

Lo

_

ﬂh

‘1 B34 30 swwig ayy 103 weabuyq Lpog-9313 y '61a

mie

ogtl

e e A o . A b S e St i




»

132

Tl ¥ 2
' '

! ¢

' 1

[ +

et
\
Jf“‘q
]
\I
Ll
L]
1]
|
1
!
el
e~ N
=3

(c) (a)
vl!l'lliél
T e
\ [}
' '
' '
' [l
{e) (£}
ltllol
R . ﬂ\.»\\\\ ..
? 3 : .
' B [
’ ) J '
' Y
, [ '

(g) (h)

Fig. 6 Collapse Mechanisms for the Frame of Fig. S.
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Fig. 7(a), Domain of Loads for the Frame of Fig. 4 for which

Instantaneous Plastic Collapse Cannot Occur.
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Fig. 9. Interaction Curve for Combined Tension and Bending.
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